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Abstract 

In this study, we show that necessary conditions for Q 4 factorization of A K n and A K m x 
are also sufficient. 


1 Introduction 

Given a graph 77, an 17-decomposition of a graph G is a decomposition of the edge set of G 
into subgraphs isomorphic to H. Each subgraph 77 is called a block. Such a decomposition 
is called resolvable if it is possible to partition the blocks into classes (often referred to as 
parallel classes) such that every vertex of G appears in exactly one block of each parallel 
class. 

A resolvable 17-decomposition of G is generally referred to as an 77-factorization of G, 
and each parallel class is called an 17-factor of G. The case where H = K 2 (a single edge) 
is known as a 1-factorization since each vertex in each factor has degree 1. In general, if the 
factors are regular of degree 7 , then the factorization is called a 7-factorization. 

A 7-partite (multipartite) graph is a graph whose vertices are partitioned into k different 
independent sets. When 7 = 2 these are bipartite graphs, and when 7 = 3, they are called 
tripartite graphs. If the parts have the same number of vertices, then the graph is called 
equipartite. 
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The /c-dimensional cube or k - cube is the graph with vertex set consisting of all binary 
vectors of length k and with edges joining pairs of vertices that differ in precisely one coordi- 
nate. This graph is fc-regular and bipartite. The fc-cube is denoted by Qk ■ The total number 
of vertices in a k-cube is 2 k and the total number of edges is In particular, Q 4 , shown 
in Figure 1 has 16 vertices and 32 edges. The graph is regular of degree 4. 

In 1979, two problems related to a fc-cube decomposition and a fc-cube factorization of 
complete graphs posed by Kotzig, Problems 15 and 16 in [ 8 ]. The two main open problems 
are: 

Cube Decomposition Problem : For which values of n and k does there exist a 
/c-cube decomposition of K n l 

Cube Factorization Problem : For which values of n and k does there exist a A:-cube 
factorization of K n l 


0011 



Figure 1: Q\ 

Kotzig [ 8 ] established the necessary conditions for (K n , Qfc)-design: 

If there exists a (K n , Qfc)~design; then either 

( 1 ) n = 1 ( mod k2 k ) or 

( 2 ) k is odd, n = 0 ( mod 2 k ) and n = 1 ( mod k). 

For even k, Kotzig [9] proved the sufficiency of the necessary conditions. Moreover, 
for k = 3 [10] and k = 5 [3], the problems have been solved completely. In addition, 
decomposition of A K n into Qj, is solved [1]. For each odd d, it is proved that there is an 
infinite arithmetic progression of even integers n for which a decomposition exists [7]. 

Since these problems were introduced, progress on the cube factorization problem has 
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been restricted to some special values of n, see [5] and [6]. The fc-cube has 2 k vertices and is 
/c-regular, so necessary conditions for the existence of a fc-cube factorization of the complete 
graph K n are 

n = 0 ( mod 2 k ) and n = 1 ( mod k). 

The first condition implies that n must be even and the second condition implies that 
n must have opposite parity to k. Hence, if a fc-cube factorization of K n exists, then k must 
be odd. For k = 3 [2] this problem is completely solved; the other cases are open yet. 

If we consider A-fold of complete graphs, then the necessary conditions will be 

n = 0 ( mod 2 k ) and A (n — 1) = 0 ( mod k ). 

If the multipartite graph factorization is considered, the necessary conditions can easily 
be obtained as done for the complete graph case. Since a fc-cube is a regular graph, in order 
to have a cube factorization, the graph should be regular. Thus, a multipartite graph should 
necessarily be equipartite. The necessary conditions for a A-fold complete equipartite graph 
A K m x, where x is the number of parts and m is the number of independent vertices in each 
part, to have a (^-factorization are; 

m ■ x = 0 ( mod 2 k ) and A m(x — 1) = 0 ( mod k). 

Wang [12] completed the case k = 3. The other cases are still open for k > 3. 

In this study, we investigate the sufficiency of the necessary conditions for (^-factorization 
of A-fold complete graphs and A-fold multipartite graphs. Theorem 1.1 establishes the suffi- 
ciency of the necessary conditions. 

Theorem 1.1. The necessary conditions for A K m * and A K n to have a Q 4 - factorization are 
also sufficient. 

In order to prove Theorem 1.1, in section 2, some small examples and preliminary 
results about multipartite case are established. The proof of the main theorem is done in 
section 3. The result for the complete graph case is Corollary 3.4 which is obtained by using 
a subcase for complete multipartite graphs. 

The following notions and results are helpful and used several times throughout this 
paper. 
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A complete equipartite graph has a 1-factorization if and only if the order is even [4], 

Let k be a positive integer. A group divisible design (GDD), denoted by k—GDD(m, n ) 
is a triple ( X , G, B) where: 

1. A is a finite set of points of size m ■ n, 

2. G is a set of n subsets of X each with size m, called groups, which partition X, 

3. B is a collection of subsets of X with size k, called blocks, such that every pair of points 
from distinct groups occurs in exactly one block, and 

4. no pair of points belonging to a group occurs in any block. 

A GDD is said to be resolvable and denoted by k — RGDD(m, n ) if its blocks can be 
partitioned into parallel classes each of which partitions the set of points. The following is a 
result of Sun and Ge [11]: 

Theorem 1.2. A 4 — RGDD(m, 4) exists for every m £ Z + except for m £ {2, 3, 6}. 


2 Preliminary Results 


In this section, some important constructions and examples are given. These examples are 
used in section 3 for the proof of Theorem 1.1. 


Example 2.1. K 4 4 has a factorization into Q 4 ’s. 
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Proof. Let the parts are denoted by A, B, C and D. V(A) = U <*, V(B) = U k, 

i= 1 i = 1 

4 4 

V(C) = U«. r(D) = U di . Consider the following enumeration which gives the desired 


i=l i = 1 

factorization: 



0000 

0001 

0010 

0100 

1000 

oon 

0101 

1001 

0110 

1010 

1100 

0111 

1011 

1101 

1110 

1111 

Qi 

a i 

Cl 

C 2 

C3 

c 4 

Q 2 

03 

04 

61 

&2 

&3 

di 

d2 

^3 

di 

bi 

Q2 

a 1 

d\ 

d2 

d -3 

di 

C2 

C 3 

04 

c 4 

03 

02 

bi 

63 

62 

bi 

Cl 

Q3 

ai 

bi 



h 

dz 

d2 

04 

d\ 

03 

a -2 

Cl 

C2 

C 3 

a 

C ?4 


□ 


Example 2.2. 1^8,8 has a factorization into Q^’s. 

8 8 

Proof. Let A and B be the parts; V(A) = [J o* and V(B) = |^J b{. The following enumer- 

2—1 2 — 1 

ation gives a (^-factorization of : 
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0000 

0001 

0010 

0100 

1000 

0011 

0101 

1001 

0110 

1010 

1100 

0111 

1011 

1101 

1110 

1111 

Qi 

ai 

bi 


63 

64 

“2 

“ 3 

<24 

a -5 

a 6 

a 7 

^5 

bg 

67 


a 8 

Qi 

ai 

h 

&6 

bj 

bg 

“7 

“6 

04 

O5 

“3 

CL 2 

61 

b 2 

&3 

64 

a 8 


□ 


Example 2.3. There exists a Q 4 factorization of 

Proof. The parts of K 12 4 are denoted by .A, B, C, D where each of these parts are divided 
into 3 sets denoted by Ai, Bi , Ci and Di for 1 < i < 3 containing 4 vertices each. Let ai j, 
bij, c t .j. dij denote the vertices of Ai, Bi, Ci, Di respectively for 1 < i < 3 and 1 < j < 4. 

The parts Ai, Bi, Ci and Di form a for each i which has 3 Q 4 factors by Example 
2.1. Let these factors be denoted by Qi t i, Q 1.2 and Qi t 3 . 


Consider Q 4 S obtained by the following enumerations: 



0000 

0001 

0010 

0100 

1000 

0011 

0101 

1001 

0110 

1010 

1100 

0111 

1011 

1101 

1110 

1111 

01,i 

“2,1 

^3,1 

^3,2 

b 3,3 

^3,4 

“2,2 

“2,3 

“2,4 

“2,1 

“2,2 

“2,3 

A,1 

A, 2 

4 3,3 

A, 4 

“2,4 

0"i 

a 3,l 

&2,1 

b 2 ,2 

b 2 ,3 

£>2,4 

«3,2 

“3,3 

“3,4 

c 3,l 

C3,2 

“3,3 

A,1 

A, 2 

A, 3 

<^2,4 

c 3,4 

01,2 

“2,1 

A, 4 

A, 3 

A, 2 

^3,1 

“2,2 

“2,3 

“2,4 

&2,4 

^2,3 

b 2 ,2 

“3,1 

“3,2 

“3,3 

“3,4 

^2,1 

Q" 2 

a 3,l 

A, 4 

d 2 ,3 

A, 2 

^2,1 

«3,2 

“3,3 

“3,4 

^3,4 

63,3 

^3,2 

C2,l 

C2,2 

c 2,3 

C2,4 

?>3,1 

01,3 

“2,1 

“3,4 

“3,3 

“3,2 

“3,1 

“2,2 

“2,3 

“2,4 

A,1 

d - 2,2 

d 2 ,3 

^3,4 

b 3,3 

^3,2 

^3,1 

A, 4 

01,3 

a 3,l 

“2,4 

C2,3 

C2,2 

C2,l 

«3,2 

“3,3 

“3,4 

A,1 

d - 3,2 

d 3,3 

A, 4 

b 2,3 

b 2 ,2 

b 2 ,l 

A, 4 


Apply the permutation to obtain new Q 4 S: ( 0 , 2 , j, oi,j)(&2j) bij)(c 2 jcij)(d 2 j, d\j). 

Rename new Q^s by the transformation: Q\ j — > Q 2 j, Q'(j ~ > Q'i.j ■ 

Independently, apply the permutation to obtain new Q±s: {a$j, ai,j){bz,j, &ij)( c 3j' c ij')(^3j) ^ij)- 
Rename new Q^s by the transformation: Q\ j — » Q'^j, Q'l.j Q'i.j ■ 

Then, Qij U Q\ ■ U Q'C for 1 < i < 3 and 1 < j < 3 form the factors of the factorization 
of K l 2 4. □ 


Example 2.4. There exists a Q 4 factorization of2K 2 s. 

Proof. Let the parts are denoted by A, B, C, D, E , F, G, H where each part has 2 vertices. 


Consider the following 4 factors: 



0000 

0001 

0010 

0100 

1000 

0011 

0101 

1001 

0110 

1010 

1100 

0111 

1011 

1101 

1110 

1111 

Ql 

ai 

61 

&2 

d 2 

h 2 

“2 

“2 

S2 

“l 

Si 

“i 

di 

hi 

A 

A 

“2 

Q2 

ai 

ei 

Cl 

h 

92 

Si 

&2 

C2 


“2 

di 

d 2 

0-2 

hi 

61 

A 

(?3 

ai 

di 

C2 

hi 

“2 


ei 

h 2 

h 

Si 

d 2 

92 

h 

02 

61 

“1 

Q4 

“1 

bi 

^2 

Si 

fi 

“2 

A 

“l 

h 2 

“2 

di 

92 

h 

“i 

“2 

d 2 
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The remaining 3 factors are obtained by considering AU B, CUD, E U F, G U H as 
the parts of A 4 4 and taking the factors as done in Example 2.1. □ 

Lemma 2.5. There exists a Q 4- factorization of -fty ujfc+4) 4 for k> 0. 

Proof. The number of parallel classes will be 12fc + 3 and the number of Q4S in each parallel 
class will be 4fc + 1 . 

There exists a 4 — RGDD(4k + 1.4) for k > 0 by Theorem 1.2. Let bij be the j th block 

of the i th parallel class. For each 1 < i < 4 A: + 1 and 1 < j < 4k + 1 blow up vertices in 

each block by 4 to obtain a copy of i+p on bij x {1,2,3, 4} for each i and j. Then place a 

(54-factorization of A 4 4 on the blown up blocks. There are 3 factors in each (^-factorization 

of A 4 4 by Example 2.1; let the factors for each blown up bj be Qij,k for 1 < k < 3. Then 

the following are the factors of (^-factorization: 

4fc+l 4fc+l 4fc+l 

7+ 1 — | J Qi,j, 1) 7+2 — | J 7+ 3 — l J Qi,j, 3) 

j = 1 3 = 1 J =1 

where 1 < i < 4A; + 1. The number of parallel classes is 12/c + 3 and the number of C^+’s in 
each parallel class is Ak + 1 as expected. □ 

Lemma 2.6. There exists a Q 4- factorization of i6fc+i2) 4 f or k>0. 

Proof. Since there exists 4 — RGDD(Ak + 3, 4) for k > 1 by Theorem 1.2, a (^-factorization 
of i6fc+i2) 4 f° r k > 1 can be obtained as in the proof of Lemma 2.5. The case k = 0 is 
Example 2.3. □ 

Lemma 2.7. There exists a Q 4- factorization of K (Uik y. and K, 8k s2t for k,t > 1. 

Proof. Consider a 1-factorization of K^ky which is known to exist since the number of 
vertices is even. Let the factors be Fi,F 2, ■■■■■, F n where n = (2k) (t — 1). Let the edges of the 
factors Fj be E(Fi) = {e^i, e^2, ••••, G,s} where s = k ■ t. When each vertex of the original 
graph is blown up by 8, then each edge in the 1-factors correspond to a By Example 

2.2, A'8,8 has a (^-factorization into 2 Q^s. Let Qij. 1, Qi,j , 2 be the Q 4 factors of each 
corresponding to the edge ejj. Hence, the parallel classes of this factorization are: 

S S 

7+1 = U <5t,j,i) 7T i)2 = |J Qij .2 for 1 < i < 2k(t - 1). 

3 = 1 3 = 1 

Similarly, consider 1-factorization of K(k) 2t ■ Let the factors be F\, F2 , ...., F n where 
n = (k)(2t — 1). Let the edges of the factors F t be E(Fi ) = {e^i, e^, ••••, ej >s } where s = k-t. 
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When each vertex of the original graph is blown up by 8, then each edge in the 1-factors 
correspond to a LTs.s- Let Qi,j,i, be the Q 4 factors of each Ks^ corresponding to the 

edge e t ,j . Hence, the parallel classes of this factorization are: 

S S 

7b, l = IJ Qi,j, 1 , 7 r i)2 = IJ Qi,j , 2 for 1 < i < k( 2 t - 1). □ 

i = 1 j = 1 

3 4-Cube Factorization of Complete Multipartite and 
Complete Graphs 

There are several cases to be considered for the factorization of A-fold complete multipartite 
graphs \K m x. The cases depend generally on the value of A and there will be subcases where 
different values of the other parameters are considered. This problem will be solved by casing 
on m rather than A. 

Case 1 : A = 1 or 3 (mod 4) 

The necessary conditions reduce to 

m ■ x = 0 ( mod 16) and m = 0 ( mod 4). 

4 subcases will be considered depending on the value of m,. 

1.1 m = 4, 12 (mod 16) 

For the first condition to be satisfied, x should be a multiple of 4. So, we are looking 
for a (^ 4 -factorization of K^ iek+ ^4t and K^ k+12 ^t for k > 0, t > 1. 

Consider the vertex disjoint subgraphs Hj of K^ k+4 ^it and K^ iek+12 ^t where each Hi 
is isomorphic to 16fc+4 )4 and 16fc+12 ) 4 for 1 < i < t. By Lemmas 2.5 and 2.6, each Hi has 
a Q 4 factorization. 

The remaining edges correspond to /L( 64fc+16 )t and /L( 64fc+48 )t respectively. By Lemma 
2.7, these graphs have Q 4 factorization. 

Combining these factors gives the factorization of K^ k+i ^t and -^L(i6fc+i 2 ) 4t respec- 
tively. 

1.2 m = 0, 8 (mod 16) 

Both of the necessary conditions are satisfied when m = 0 ( mod 16). So, we are looking 
for factorization of which is immediate from Lemma 2.7. 
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For m = 8 ( mod 16), to satisfy the first necessary condition, x should be a multiple 
of 2. So, we are looking for a (^-factorization of K(iQk+ 8 ) 2t which is again immediate from 
Lemma 2.7. 

Case 2 : A = 2 (mod 4) 

For this case, the necessary conditions reduce to m = 0 ( mod 2) and m-x = 0 ( mod 16). 
When m = 0 ( mod 4), this problem is solved in Case 1. So, we are looking for m = 2 ( mod 4) 
case. Lemma 3.3 establishes the general version of this. Lemma 3.1 and 3.2 help us to prove 
Lemma 3.3. 

Lemma 3.1. There exists a Q 4 factorization o/ 2 A ' 16 2 — 2 F where 2 F represents 2 copies of 
a 2-factor with A- cycles. 

Proof. Let the parts are denoted as A and B and the vertices are a* and bi respectively for 

8 

1 < i < 16. Let F denote the following 4-cycle: F = [J (a 2 j_i, 62* , 024, & 2 j-i). 

i = 1 

Consider the following factors: 



0000 

0001 

0010 

0100 

1000 

0011 

0101 

1001 

0110 

1010 

1100 

0111 

1011 

1101 

1110 

1111 

Qi 

ai 

h 

64 

h 

67 

02 

07 

05 

as 

a 6 

03 

hi 


61 

b 2 

a 4 

Qi 

a 9 

bu 

b 12 

bi3 

L5 

010 

015 

ai 3 

Ol6 

a 14 

Oil 

&14 

bie 

&9 

ho 

012 

Q 2 

03 

be 

£>5 

be , 

h 

a 4 

Ql 

«7 


as 

as 

67 

bi 

64 

b3 

06 

Q 2 

0 11 

bu 

bu 

he 

bio 

ai2 

ag 

ai 5 

aio 

016 

«13 

&15 

bo 

&12 

bu 

Ol 4 

Qi 

ai 

t>3 

h 

h 

h 

07 

Os 

a 6 

02 

04 

03 

64 

b 2 

61 

6? 

a 5 

Q'i 

a 9 

bu 

W 3 

bu 

he 

015 

a i6 

a 14 

O10 

012 

Oil 

&12 

ho 

bo 

&15 

013 


QiU Q[ 1 < k < 3 gives the 3 factors of the factorization. 

8 16 8 

Let A = A\ U A 2 and B = B 1 UB 2 where V (Ai) = [J aj, V (A 2 ) = [J a*, V {B\) = |^J b t , 

i=l i =9 i = 1 

16 

P(5 2 ) = J bi. 

i - 9 

The edges between Ai and H 2 ; L?i and A 2 construct 2Kg^ which has Q 4 factorization 
by Example 2.2. The remaining 4 factors are obtained from this factorization. □ 

Lemma 3.2. There exists a Q 4 factorization of2K^k) s f or k>l. 

Proof. Example 2.4 is the construction for k = 1. If k is even, Case 1 gives the result. Let 
k be odd and k > 3. 

There exists a near 1-factorization of K \ for odd k [4], For each near 1-factor, let the 


vertex denote 2 K 2 s and each edge denote 2 i ^ 16 2 — 2 F where F represents 2-factor shown in 
Lemma 3.1. The factors of those graphs were constructed in Example 2.4 and Lemma 3.1. 
The desired factorization is obtained by considering these factors for each near 1-factor of 
K k . □ 

Lemma 3.3. There exists a Q 4 factorization of2K^k)st f or k > l and t > 1. 

Proof. Let Hj 1 < i < t denote the vertex disjoint subgraphs of 2K^ k )st where each Hj is 
isomorphic to 2K^ 2k ) 8 - By Lemma 3.2, H t has a factorization. 

Consider the remaining edges which construct 2K^ ek y . This graph has a factorization 
by Lemma 2.7. 

Combining these factors gives the factorization of 2K^k) 8t ■ O 

Case 3 : A = 0 (mod 4) 

For this situation, the necessary conditions reduce to m ■ x = 0 ( mod 16). So there are 
5 subcases to be considered. 

3.1 x = 0 (mod 16) 

For this case, m is arbitrary; so, we are looking for factorization of AK k wt. 

Consider the vertex disjoint subgraphs Hj of 4:K k im where each H t is isomorphic to 
4K k i6 for 1 < i < t. 

To get a factorization of Hi, consider a resolvable design of order 16 with block size 

4. Let each parallel class is denoted by K 4 4 . If each vertex is blown up by k, then the 

new parallel classes correspond to a 7L( 4fc ) 4 . Notice that the edge-disjoint union of new built 

parallel classes gives AK k wt. has a Q 4 factorization by Case 1 and the number of 

factors is 3 k. Let 7 denote the Q 4 factors of Hi for j th parallel class of 1 < i < t, 

1 < j < 5, 1 < l < 3k. Then the followings are the factors of the factorization: 
t 

TTi.j.i for 1 < j < 5 and 1 < l < 3k. 

2—1 

The remaining edges correspond to a 4 K^ k y. By Lemma 2.7, this graph has a Q 4 
factorization. 

Corollary 3.4. A X-fold complete graph satisfying the necessary conditions has a Q 4 factor- 
ization. 

Proof. The necessary conditions for factorization of A K n are: 
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n = 0 ( mod 16) and A (n — 1) = 0 ( mod 4). 


Since n is divisible by 4, the necessary conditions reduce to 
n = 0 ( mod 16) and A= 0 ( mod 4). 

So, the factorization of 4A , AAet is required. This is immediate from the previous subcase by 
taking k = 1. □ and A' copies of the factors. 

3.2 x = 8 (mod 16) 

For this case, m = 0 ( mod 2); so, we are looking for a factorization of 4 A5 2 fc)8t. Lemma 

3.3 constructs a factorization of 2K^k)st- 2 copies of the factors give the desired factorization. 

The remaining subcases 4AT( 4fc )4t , 4Kf 8k ^t and 4 K^ k y have ((^-factorizations by Case 
1. So the case where A = 0 ( mod 4) is completed. 
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